Two types of average structures of a single knotted ring polymer are studied by Brownian dynamics simulations. For a ring polymer with N segments, its structure is represented by a 3N -dimensional conformation vector consisting of the Cartesian coordinates of the segment positions relative to the center of mass of the ring polymer. The average structure is given by the average conformation vector, which is self-consistently defined as the average of the conformation vectors obtained from a simulation each of which is rotated to minimize its distance from the average conformation vector. From each conformation vector sampled in a simulation, 2N conformation vectors are generated by changing the numbering of the segments. Among the 2N conformation vectors, the one closest to the average conformation vector is used for one type of the average structure. The other type of the averages structure uses all the conformation vectors generated from those sampled in a simulation. In the case of the former average structure, the knotted part of the average structure is delocalized for small N and becomes localized as N is increased. In the case of the latter average structure, the average structure changes from a double loop structure for small N to a single loop structure for large N , which indicates the localization-delocalization transition of the knotted part.
Introduction
One of the important problems of the polymer physics is the effect of the topological constraints on polymer systems. In the case of systems of linear polymers, the topological constraints caused by the entanglement of the polymers vary temporally and the time-averaged same as those of the unknotted ring polymer for infinitely long chains. [3] [4] [5] [6] [7] This prediction can be understood from the argument that the knotted part of a ring polymer becomes localized to a part of the polymer as the polymer length increases and that the rest of the polymer behave like an unknotted ring polymer. [7] [8] [9] [10] [11] [12] [13] [14] The localization of the knotted part has been studied by measuring the chain length l of the knotted part through simulations. [8] [9] [10] [11] [12] It has been found that the equilibrium average l of l behaves as l ∝ N t with t ≃ 0.75 for a single knotted ring polymer of N segments in good solvent. 8, 9 The fact that 0 < t < 1 indicates the localization of knotted part. It has been discussed and shown to be consistent with the simulation data that the behavior of l appears in the N -dependence of the mean square radius of gyration as a leading correction to its scaling behavior. In contrast, a behavior l ∝ N , which corresponds to the knot delocalization, has been found for a single knotted ring polymer in poor solvent.
Similar results has been obtained for single ring polymers in two dimensions [12] [13] [14] and linear polymers. 10 Recently, the present authors studied the relaxation rate spectrum of single ring homopolymers in good solvent. 7 Because a ring homopolymer has the translational symmetry along the polymer, its relaxation rates are classified by a wave number q. In ref. 7 , the relaxation rate λ q for a wave number q is estimated from the time t dependence of the correlation function C q (t) = N −1 i j (1/3) (r i (t) − r c (t)) · (r j (0) − r c (0)) exp [−i2πq(i − j)/N ] on the basis of the relaxation mode analysis, [15] [16] [17] where r i (t) denotes the position of the ith segment of a ring polymer with N segments at time t and r c (t) = 1 N N i=1 r i (t) is the position of the center of mass of the polymer. It is found for single ring polymers with the trefoil knot studied are usually heteropolymers. In contrast, a ring polymer studied in the present paper is a homopolymer and has the translational symmetry along the polymer chain. In the present paper, by utilizing the translational symmetry, we propose an extension of the definition of the average structure and examine how the localization of the knotted part appears in the new and conventional types of the average structures.
The present paper is organized as follows. In §2, a model used in the present study and the two types of the average structures of single homopolymers are explained. The results of the simulations are presented in §3. Summary and discussion are given in the last section.
Model and Average Structures
In order to study a single knotted ring polymer in good solvent, Brownian dynamics simulations of a bead-spring model are performed. The dynamics of a single ring polymer with N segments is described by the Langevin equation
Here, r i (t) is a three-dimensional column vector consisting of the Cartesian coordinates of the position of the ith segment at time t and ζ is the friction constant. The random force w i acting on the ith segment is a Gaussian white stochastic process satisfying w i,α (t) = 0 and
, where w i,α , k B and T denote the α-component of w i , the Boltzmann constant and the temperature of the system, respectively. The potential V ({r i }) = V (r 1 , . . . , r N ) represents the interaction between the segments. In the present paper, we use the potential given by 7, 17, 23, 24
where r N +1 = r 1 in the last summation of the right-hand side because the N th segment is connected to the first segment. Here, V R is given by the repulsive part of the Lennard-Jones potential
and represents the excluded volume interaction between all the segments. The potential V A , which is called a finitely extensible nonlinear elastic (FENE) potential, is given by
and represents the attractive interaction between neighboring segments along the ring polymer. The same model is used for simulations of a single linear polymer with N segments, where the upper limit of the last summation of the right-hand side of eq. (2) is N − 1.
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In the following, the average structures are explained for a linear or ring homopolymer with N segments. The average structures are estimated by using conformations of the polymer sampled in simulations. In a simulation, M conformations are sampled at interval of time ∆T
after an initial equilibration time T i . Let R i (m) denote the position of the ith segment relative to the center of mass of the polymer in the mth sample:
and t m = T i + (m − 1)∆T , where m = 1, . . . , M . A structure of the polymer in the mth sample is represented by a 3N -dimensional conformation vector C(m)
. . , K, each of which has the same statistical weight as C(m), can be generated by changing the numbering of the segments, which is possible for homopolymers. Here, K = 2 for linear homopolymers and K = 2N for ring homopolymers. In both cases,C(m, k) is given bỹ
Note that i j represents the integer between 1 and N which is equal to i + j modulo N . obtained by the rotation ofC(m, k) and the average conformation vector C av * is determined. 18 Here,
Thus, the rotation R m,k fits the conformationC(m, k) to the average conformation C av * .
In the case of the conventional average structure, which has been used for heteropolymers, the ith segment of a sampled structure is fitted to the ith segment of the average structure.
We call this type of average structure the type-0 average structure (type-0 AS). Because the numbering of the segments is crucial, the conformation vectorsC(m, k), k = 1, . . . , K are considered to represent different structures, although they are obtained from C(m) by only changing the numbering of the segments. The average conformation vector C av0 for the type-0 AS is then given by
In the following, we propose a new type of an average structure for homopolymers, which we call the type-1 average structure (type-1 AS). Because all the segments of a homopolymer are equivalent, the conformation vectorsC(m, k), k = 1, . . . , K are considered to represent the same structure as C(m), although they have different numbering of the segments. Therefore the best fit of a sampled conformation C(m) to the average conformation is given by the rotation R m,k min (m) , where k min (m) is the value of k which gives the smallest value of d 2 (m, k) with m fixed. Thus, the average conformation vector C av1 for the type-1 AS is given by
Because the definition of the rotation R m,k contains C av * , eqs. (7) and (8) should be solved self-consistently. In practice, C av * is calculated iteratively. By using the nth candidate for the average conformation vector C av * n calculated from the nth iteration, which may be chosen as one ofC(m, k) for the first iteration (n = 0), all the rotations R m,k are determined.
Then, the right-hand side of eq. (7) or (8) is calculated and the result is used as the next candidate C av * n+1 . The calculation is iterated for n = 0, 1, 2, . . . until the distance between C av * n and C av * n+1 becomes sufficiently small and the self-consistency of eq. (7) or (8) is achieved.
Results
Brownian dynamics simulations of the model described in the previous section are per- 
holds. Therefore, if R m,k min (m) gives the smallest square distance calculated from C(m) and
gives the smallest square distance calculated from M (C(m)) and M C av1 . By considering the mirror image of eq. (8), we have between the position vectors projected onto the x-y plane of the first and the ith segments:
Here, R av0 i,α denotes the α-component of the position vector R 
Summary and Discussion
In the present paper, the two types of average structures are calculated for a single linear polymer and single ring polymers by Brownian dynamics simulations. The average conformation vector, which specifies the average structure, is self-consistently defined by eqs. (7) and (8) In the calculation of the type-1 average structure, which is proposed in the present paper, The crossover from the delocalized state to the localized state occurs around the crossover segment number N av1 x ≃ 120, which is consistent with the value of N av0 t . The transition of the type-0 AS and the crossover of the type-1 AS furnish strong evidence for the localization of the knotted part predicted in the previous study, where the transition segment number is between 120 and 160. 7 It is demonstrated that the analysis of the average structures is useful for studying the localization of the knotted part of single knotted ring polymers. The present paper provides strong evidence for the knot localization by directly observing the average structures in three dimensions. In the case of single ring polymers with the trefoil knot, the transition of the type-0 AS from the double loop structure to the single loop structure is observed as the number of the segments N is increased, which is considered to correspond to the localizationdelocalization transition of the knotted part. The trefoil knot is a (3, 2)-torus knot. Here, a (p, q)-torus knot is given by a curve on the surface of a torus which winds p times around the center line of the torus and revolves q times along the center line of the torus. 26 In the case of the trefoil knot, the curve revolves twice along the center line of the torus. Therefore, it seems natural that the type-0 AS forms a double loop structure for small N and that the transition to a single loop structure occurs as N is increased. It is expected that the similar transitions occur in the type-0 ASs of single ring polymers with another torus knot, such as 5 1 , 7 1 , or 
